ABSTRACT: In this paper, using the critical point theory, we study the existence of at least three solutions for periodic and Neumann problems involving the discrete p(·)-Laplacian operator depending on two control parameters.
INTRODUCTION
In this paper, we consider the periodic problem with two control parameters −∆ p(k−1) x(k − 1) + r(k)h p(k) (x(k)) = λf (k, x(k)) + µg(k, x(k)), = h p(k) (∆x(k)) − h p(k−1) (∆x(k − 1)).
We assume throughout this paper, that the following condition hold:
(1.3)
From now on, we will use the following notations: 
r(k).
There is an increasing interest in the study of discrete boundary value problems and difference equations. Actually, common among fields of research, such as computer science, mechanical engineering, optimal control, biological neural networks, and economics, is the fact that the mathematical modelling of fundamental questions is usually tended towards considering discrete boundary value problems and nonlinear difference equations. Regarding these issues a thoroughgoing overview has been given in, as an example, the monograph [34] and the reference therein. On the other hand, in recent years some researchers have studied the existence and multiplicity of solutions for equations involving the discrete p-Laplacian operator by using various fixed point theorems, lower and upper solutions method, critical point theory and variational methods, Morse theory and the mountain-pass theorem. for background and recent results, we refer the reader to [1, 9, 10, 11, 12, 16, 17, 18, 27, 28, 30, 31, 32, 33] and the references therein. For example, Jiang and Zhou in [33] employing a threecritical point theorem, due to Ricceri, established the existence of at least three solutions for perturbed nonlinear difference equations with discrete boundary conditions. Bonanno and Candito [9] , employing critical point theorems in the setting of finite dimensional Banach spaces, investigated the multiplicity of solutions for nonlinear difference equations involving the p-Laplacian. Cabada et al. in [16] , based on three critical points' theorems, investigated different sets of assumptions which guarantee the existence and multiplicity of solutions for difference equations involving the discrete p-Laplacian operator. Candito and Giovannelli [17] , using variational methods, established the existence of at least three solutions for the following problem
where f : Z[1, T ] × R → R is a continuous function, λ > 0 and 1 < p < +∞. There seems to be increasing interest in the existence of solutions to discrete anisotropic equations, because of their applications in many fields such as models in physics [6, 19, 24, 25] , biology [2, 3] , and image processing (see, for example, Weickert's monograph [45] ). We mention Fragalá et al. [21] and El Hamidi and Vétois [20] as essential references in treating the nonlinear anisotropic problems. Besides, Mihȃilescu et al. (see [37, 38] ) were the first authors who studied anisotropic elliptic problems with variable exponents. On the other hand, numerous researches have been undertaken on the existence of solutions for discrete anisotropic boundary value problems (BVPs) in recent years. As to the background and latest results, the readers can refer to [4, 22, 23, 26, 29, 35, 36, 38, 39, 40, 41, 43] . For example, the existence of at least three solutions for discrete anisotropic equations subjected to homogeneous Dirichlet boundary conditions was obtained in [22] , [36] . Molica Bisci and Repovš in [41] considered advantage of a recent critical point theorem to establish the existence of infinitely many solutions for anisotropic difference equation:
where λ is a positive parameter, f k : R → R is a continuous function for every k ∈ Z[1, T ] (with T ≥ 2), and ∆u(k − 1) := u(k) − u(k − 1) is the forward difference operator, assuming that the map p :
In [4] , the authors dealt with the existence of solutions for the periodic problem
4) and the Neumann problem
is the forward difference operator and ∆ p(·) stands for discrete p(·)-Laplacian operator and f : Z[1, T ] × R → R is a continuous function. By using critical point theory, the authors proved existence of solutions for the problems (1.4) and (1.5) with λ = 1. Moreover, Cȃlin Şerban in [44] , based on critical point theory, studied the multiplicity of solutions for some periodic and Neumann boundary value problems involving the discrete p(·)-Laplacian. In [14] , the authors studied the problems In the present paper, motivated by the above paper, using two kinds of three critical point theorems obtained by Bonanno and Candito in [11] , and Bonanno and Marano in [15] (see Theorems 1 and 2 below) we are interested to ensure the existence of at least three solutions for the problems (1.1) and (1.2); see Theorems 5 and 6.
6) and
−∆ p(k−1) x(k − 1) + r(k)h p(k) (x(k)) = λf (k, x(k)), (∀) k ∈ Z[1, T ], ∆x(0) = 0 = ∆x(T ), (1.7) where T is a positive integer, p : Z[0, T ] → (1, ∞), r : Z[1, T ] → (0, ∞), the homeomorphism h p(k) : R → R is defined by h p(k) (x) = |x| p(k)−2 x, for all x ∈ R and k ∈ Z[0, T ]. Also, λ is a positive parameter, ∆x(k) = x(k + 1) − x(k) is
PRELIMINARIES
Our main tools are three critical point theorems that we recall here in convenient forms. The first one has been obtained in [15] and it is a more precise version of Theorem 3.2 of [11] . The second one has been established in [11] .
Theorem 1. ([15, Theorem 2.6])
Let X be a reflexive real Banach space, Φ : X → R be a coercive, continuously Gâteaux differentiable and sequentially weakly lower semicontinuous functional whose Gâteaux derivative admits a continuous inverse on X * , Ψ : X → R be a continuously Gâteaux differentiable functional whose Gâteaux derivative is compact such that Φ(0) = Ψ(0) = 0. Assume that there exists w > 0 andv ∈ X, with w < Φ(v) such that
the functional Φ − λΨ is coercive. Then, for each λ ∈ Λ w the functional Φ − λΨ has at least three distinct critical points in X.
Theorem 2. ([11, Corollary 3.1])
Let X be a reflexive real Banach space, Φ : X → R be a convex, coercive and continuously Gâteaux differentiable functional whose derivative admits a continuous inverse on X * , Ψ : X → R be a continuously Gâteaux differentiable functional whose derivative is compact, such that:
for each λ > 0 and for every u 1 , u 2 ∈ X which are local minima for the functional Φ − λΨ and such that Ψ(u 1 ) ≥ 0 and Ψ(u 2 ) ≥ 0, one has
Assume that there are two positive constants w 1 , w 2 andv ∈ X, with 2w
Then, for each
,
the functional Φ − λΨ has at least three distinct critical points which lie in
We refer the interested reader to the papers [13, 18] in which Theorems 1 and 2 has been successfully employed to obtain the existence of at least three solutions for boundary value problems.
In order to give the variational formulation of the problem (1.1), let
be the T -dimentional Banach space equipped with the Luxemburg type norm
Now, consider the case x η,p(·) > 1 for all x ∈ X and any η > 0, we obtain
In the sequel, by the equivalence of the norms on X, for each η > 0, there exists same C η > 0, such that
We set
for every x ∈ X, where F (k, t) :
An easy computation ensures that Φ and Ψ turn out to be of class C 1 on X with
for all x, y ∈ X. Now, we consider the energy functional I λ , defined by
It is clear that I λ is differentiable at any x ∈ X and
for any x ∈ X. Hence, a critical point of I λ gives a weak solution of problem (1.1). 
MAIN RESULTS
For our convenience, set G c := T k=1 max |t|≤c G(k, t) for all c > 0 and
where we read 1 0 := +∞ whenever this case occurs.
Theorem 5. Assume that there exist two positive constants c, d, with c < d, such that
Then, for each λ ∈ Λ and for every continuous function g :
If (1.3) holds true, there existsδ λ,g > 0 given by (3.1) such that, for each µ ∈ [0,δ λ,g [, the problem (1.1) admits at least three solutions in X.
Proof. Our aim is to apply Theorem 1 to our problem. To this end, take X as given in (2.2), Φ and Ψ as given in (2.6) and (2.7) respectively. Put
Clearlyv ∈ X and
Since c < d, one has
so, we get Φ(v) > w. Also, from (A 1 ) we get
We observe that 
From this, if G c = 0, clearly we get
while, if G c > 0, it turns out to be true bearing in mind that µ < δ λ,g . Moreover, one has 6) and if
again holds since µ < δ λ,g . Thus, from (3.5) and (3.6), (a 1 ) of Theorem (1) follows. Finally, since µ <δ λ,g , we can fix l > 0 such that
and µl < 1 p(k)
. So, one has lim sup
Now, we use the same arguments as in the proof of Theorem 3.1 in [32] . From (3.8), there are 0 < σ < l and ρ > 0 such that
On the other hand, by the continuity of G, there is a constant M p > 0 such that
Hence, we infer
Without loss of generality, we may assume that x(k) r − ,p(·) > 1 for each x ∈ X . Moreover, one has
Thus we have
On the other hand, we obtain
It follows that, for each x ∈ X and by using the above inequality, (2.3), (2.4) and (2.5), we obtain
where
This leads to coercivity of Φ − λΨ. Thus, (a 2 ) holds. By using relations (3.5) and (3.6) one also has
Finally, Theorem 1 ensures the conclusion.
Now, we present a variant of Theorem 2 in which no asymptotic condition on the nonlinear term requested. For the goal, let us fix positive constants c 1 , c 2 and d such that
, and taking
. Theorem 6. Assume that there exist three positive constants c 1 , d and c 2 with 2c 1 < d and
such that:
If (1.3) holds true, then for each λ ∈ Λ ′ and for every continuous function
such that, for each µ ∈ [0, δ * λ,g ), the problem (1.1) admits at least three solutions x i for i = 1, 2, 3, such that
Proof. Fix λ, g and µ as in the conclusion and take Φ and Ψ as in the proof of Theorem 5. We observe that the regularity assumptions of Theorem 2 on Φ and Ψ are satisfied. Point out that, we have
which imply that Φ is coercive. Then, our aim is to verify (b 1 ) and (b 2 ).
To this end, putv as given in (3.2), as well as,
. By using condition 2c 1 < d and bearing in mind that 2w 1 (see (3.3) ). Also, from condition (3.9), one has
So, we have 2w
As proof of theorem 5 and the fact that Ψ(x)
and 2 sup
Therefore, (b 1 ) and (b 2 ) of Theorem 2 are verified. Finally, we verify that Φ − λΨ satisfies the assumption 2 of Theorem 2. Let u 1 and u 2 be two local minima for Φ − λΨ. Then u 1 and u 2 are critical points for Φ − λΨ, and so, they are solutions for problem (1.1). Then, since Φ is convex, by Lemma 3, we deduce u 1 and u 2 are positive. Thus, it follows that
and all s ∈ [0, 1], and that
and consequently, Ψ(
By using Theorem 2, for every
the functional Φ − λΨ has at least three critical points which are the solutions of the problem (1.1) and the desired conclusion is achieved.
As a special case of problem (1.1), we consider the following problem 
